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1. Metric Lie n-algebras
In this note, we will mainly treat metric Lie 3-algebras. But as the general deﬁnition, we begin with deﬁning metric Lie
n-algebras.
Deﬁnition 1.1. Let V be a real vector space of ﬁnite dimension. Then a Lie n-algebra structure on V is an n-linear mapping
[· · ·] : ΛnV → V
such that Fundamental Identity
[
x1, . . . , xn−1, [y1, . . . , yn]
]= n∑
i=1
[
y1, . . . , [x1, . . . , xn−1, yi], . . . , yn
]
holds for all xk , yk ∈ V .
Moreover a Lie n-algebra is called metric if there is a non-degenerate invariant symmetric bilinear form h on V such
that 〈[x1, . . . , xn], xn+1〉= −〈[x1, . . . , xn+1], xn〉,
where we used the notation h(x, y) = 〈x, y〉 for all x, y ∈ V . Such a form h is simply called an invariant metric.
Recently many physicists attacked the problem of classifying metric Lie n-algebras. In particular, they classiﬁed Euclidean
and Lorentzian Lie n-algebras. See, for example, [2–5,7,8,10].
Now let us consider Lie 3-algebras V . We give some deﬁnitions (see, for example, Ling [6]) which are natural generaliza-
tions of usual Lie algebras. A subspace J of V is said to be a subalgebra of V if it satisﬁes [ J , J , J ] ⊂ J . A subspace I of V
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a subspace C of V is called a center if [C, V , V ] = 0. Of course, C is an ideal of V .
2. Nambu brackets
First let us recall the deﬁnition of a Nambu structure [9]. Let M be an m-dimensional C∞-manifold and let F be the
algebra of C∞-functions on M .
Deﬁnition 2.1. A Nambu bracket of order n, m n, on M is an n-linear skew-symmetric map from Fn to F such that
(1) (Leibniz rule)
[ f1, . . . , fn−1, g1 · g2] = [ f1, . . . , fn−1, g1] · g2 + g1 · [ f1, . . . , fn−1, g2],
(2) (Fundamental Identity)
[
f1, . . . , fn−1, [g1, . . . , gn]
]= n∑
i=1
[
g1, . . . , [ f1, . . . , fn−1, gi], . . . , gn
]
for all f1, . . . , fn−1, g1, . . . , gn ∈ F .
To each Nambu bracket, there corresponds an n-vector ﬁeld η : M → ΛnTM such that
[ f1, . . . , fn] = η(df1, . . . ,dfn),
which satisﬁes the Fundamental Identity. Then η is called a Nambu tensor of order n, and this algebra [· · ·] which is induced
by η is called Nambu algebra.
Remark 2.1. Lie n-algebras are not supposed to satisfy the Leibniz rule. Hence every Lie n-algebra is not Nambu algebra of
order n. Since it was proved that Nambu tensor η must be locally decomposable [9], we can easily give an example of
Lie n-algebras which is not a Nambu algebra of order n. In fact, let L be a Nambu algebra of order n deﬁned by η. If we
consider direct sum of two Nambu algebras L ⊕ L, then it is again a Lie n-algebra by the usual deﬁnition of direct sum. But
the corresponding tensor η ⊕ η is not decomposable and hence L ⊕ L is not a Nambu algebra.
3. Linear Nambu algebras
A Nambu tensor
η =
∑
i1<···<in
ηi1···in
∂
∂xi1
∧ · · · ∧ ∂
∂xin
in some linear coordinate system (x1, . . . , xm) is called a linear Nambu structure, if its coeﬃcients ηi1···in are linear functions.
In this section, using the classiﬁcation theorem of linear Nambu algebras obtained by Dufour and Zung [1], we shall
investigate whether linear Nambu algebras of order 3 admit an invariant metric. The classiﬁcation theorem has the following
form.
Theorem 3.1. (See [1].) Every linear Nambu tensor η of order n on an m-dimensional linear space belongs to one of the following:
Type A: η =
r+1∑
j=1
±x j ∂
∂x1
∧ · · · ∧ ∂
∂x j−1
∧ ∂
∂x j+1
∧ · · · ∧ ∂
∂xn+1
+
s∑
j=1
±xn+ j+1 ∂
∂x1
∧ · · · ∧ ∂
∂xr+ j
∧ ∂
∂xr+ j+2
∧ · · · ∧ ∂
∂xn+1
(with − 1 r  n, 0 smin(m − n − 1,n − r)).
Type B: η = ∂
∂x1
∧ · · · ∧ ∂
∂xn−1
∧
(
m∑
i, j=n
bijxi
∂
∂x j
)
.
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which we denote by the same notation if any confusion is not arisen.
Since we consider the case of n = 3, we know that −1 r  3 and 0 s 4. From now on we consider mainly the case
of plus sign for each P (r, s). Because it does not depend on the sign in P (r, s) whether P (r, s) is a metric Lie 3-algebra or
not.
First we consider the case of P (−1, s), 0 s 4.
Type I: P (−1,4) = x5∂2 ∧ ∂3 ∧ ∂4 + x6∂1 ∧ ∂3 ∧ ∂4 + x7∂1 ∧ ∂2 ∧ ∂4 + x8∂1 ∧ ∂2 ∧ ∂3.
Thus P (−1,4) is an 8-dimensional Lie 3-algebra with the following rules:
[x2, x3, x4] = x5, [x1, x3, x4] = x6,
[x1, x2, x4] = x7, [x1, x2, x3] = x8.
This Lie 3-algebra was studied by Matsuo and co-workers [4]. P (−1,4) has a 4-dimensional center C = {x5, x6, x7, x8}.
Let h = (hij) be an invariant symmetric bilinear form on P (−1,4). Then we have h15 = −h26 = h37 = −h48(= K ). For other
hij , we have hij = 0 except for 1 i, j  4. Thus we get the following symmetric matrix h:
h =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
h11 h12 h13 h14 K 0 0 0
h12 h22 h23 h24 0 −K 0 0
h13 h23 h33 h34 0 0 K 0
h14 h24 h34 h44 0 0 0 −K
K 0 0 0 0 0 0 0
0 −K 0 0 0 0 0 0
0 0 K 0 0 0 0 0
0 0 0 −K 0 0 0 0
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
If K 
= 0, h is non-singular and hence P (−1,4) becomes a metric Lie 3-algebra.
By the same way as that of P (−1,4), we easily obtain that h must be singular on P (−1, s) for s = 0,1,2,3, if h is an
invariant symmetric bilinear form. P (−1,3) is 7-dimensional and has a 3-dimensional center. P (−1,2) is 6-dimensional
and has a 2-dimensional center. And P (−1,1) is 4-dimensional and has a 1-dimensional center.
Next consider the case of P (0, s), 0 s 4.
Type II: P (0,4) = x1∂2 ∧ ∂3 ∧ ∂4 + x5∂1 ∧ ∂3 ∧ ∂4 + x6∂1 ∧ ∂2 ∧ ∂4 + x7∂1 ∧ ∂2 ∧ ∂3.
This Lie 3-algebra P (0,4) is 7-dimensional with the following rules:
[x2, x3, x4] = x1, [x1, x3, x4] = x5,
[x1, x2, x4] = x6, [x1, x2, x3] = x7.
We have h11 = −h25 = h36 = −h47(= K ). For other hij , we have hij = 0 except for 2 i, j  4. The corresponding symmetric
matrix h has the following form:
h =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
K 0 0 0 0 0 0
0 h22 h23 h24 −K 0 0
0 h23 h33 h34 0 K 0
0 h24 h34 h44 0 0 −K
0 −K 0 0 0 0 0
0 0 K 0 0 0 0
0 0 0 −K 0 0 0
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
Hence if K 
= 0, h is non-singular and P (0,4) becomes a metric Lie 3-algebra. It is easy to ﬁnd that P (0,3) = P (0,4),
so that these are metric Lie 3-algebras. Each of them has a 3-dimensional center C = {x5, x6, x7}. On the other hand, it
is easy to show that P (0,2), P (0,1) and P (0,0) have invariant singular bilinear forms on them. So they do not become
metric Lie 3-algebras. Moreover P (0,2) is 6-dimensional and has a 2-dimensional center. P (0,1) is 5-dimensional and has
a 1-dimensional center. And P (0,0) is 4-dimensional and has a 1-dimensional center.
The case of P (1, s), 0 s 4 is treated by the same way. In fact, we clearly obtain that P (1,4) = P (1,3) = P (1,2).
Type III: P (1,4) = x1∂2 ∧ ∂3 ∧ ∂4 + x2∂1 ∧ ∂3 ∧ ∂4 + x5∂1 ∧ ∂2 ∧ ∂4 + x6∂1 ∧ ∂2 ∧ ∂3.
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[x2, x3, x4] = x1, [x1, x3, x4] = x2,
[x1, x2, x4] = x5, [x1, x2, x3] = x6.
P (1,4) has a 2-dimensional center C = {x5, x6}. We also have h11 = −h22 = h35 = −h46(= K ). And hij = 0 except for 3 i,
j  4. We have the following matrix representation of h:
h =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
K 0 0 0 0 0
0 −K 0 0 0 0
0 0 h33 h34 K 0
0 0 h34 h44 0 −K
0 0 K 0 0 0
0 0 0 −K 0 0
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
Hence if K 
= 0, P (1,4) is a metric Lie 3-algebra. On P (1,1) and P (1,0), there does not exist invariant non-degenerate
bilinear form. So they are not metric Lie 3-algebras. Moreover P (1,1) is 5-dimensional and has a 1-dimensional center. And
P (1,0) is 4-dimensional and does not have non-trivial center. But it has 2-dimensional ideal.
The fourth case is P (2, s), 0 s 4. We know that P (2,4) = P (2,3) = P (2,2) = P (2,1), and each of them is given by
Type IV: P (2,4) = x1∂2 ∧ ∂3 ∧ ∂4 − x2∂1 ∧ ∂3 ∧ ∂4 + x3∂1 ∧ ∂2 ∧ ∂4 + x5∂1 ∧ ∂2 ∧ ∂3.
We adopted here minus sign in the second term of P (2,4) for later use. The Lie 3-algebra P (2,4) is 5-dimensional, and it
follows the rules:
[x2, x3, x4] = x1, [x1, x3, x4] = −x2,
[x1, x2, x4] = x3, [x1, x2, x3] = x5.
It is clear that P (2,4) has a 1-dimensional center C = {x5}. Moreover this Lie 3-algebra P (2,4) is isomorphic to the double
extension of a compact simple Lie algebra so(3). (See [2,8].) In fact, x1, x2, x3 are considered to be generators of so(3):
[x1, x2] = x3, [x2, x3] = x1, [x3, x1] = x2.
The 3-bracket on P (2,4) induces the validity of the bracket of x4 and so(3) as follows:
[x4, x1, x2] := [x1, x2] = x3,
[x4, x2, x3] := [x2, x3] = x1,
[x4, x3, x1] := [x3, x1] = x2.
Using these brackets operations, P (2,4) can be rewritten as
P (2,4) =Rx4 ⊕Rx5 ⊕ so(3).
Since h11 = −h22 = h33 = −h45(= K ), P (2,4) is a metric Lie 3-algebra if K 
= 0. On the contrary, P (2,0) does not have a
non-zero symmetric bilinear form, so P (2,0) is not a metric Lie 3-algebra. P (2,0) is 4-dimensional and has a 3-dimensional
ideal.
The last case is P (3, s), 0 s 4. We know that P (3,4) = P (3,3) = P (3,2) = P (3,1) = P (3,0).
Type V: P (3,4) = x1∂2 ∧ ∂3 ∧ ∂4 + x2∂1 ∧ ∂3 ∧ ∂4 + x3∂1 ∧ ∂2 ∧ ∂4 + x4∂1 ∧ ∂2 ∧ ∂3.
P (3,4), as a Lie 3-algebra, obeys the following rules:
[x1, x2, x3] = x4, [x1, x2, x4] = x3,
[x1, x3, x4] = x2, [x2, x3, x4] = x1.
This Lie 3-algebra is isomorphic to a 4-dimensional simple Lie 3-algebra A4 (see [4]) up to signs, and of course, has a
metric Lie 3-algebra structure.
Summarizing the above discussion, we get the following theorem.
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Linear Nambu algebras of order 3.
Type P (r, s) h Dimension Center
I P (−1,4) Non-degenerate 8 4-dim
P (−1,3) Degenerate 7 3-dim
P (−1,2) Degenerate 6 2-dim
P (−1,1) Degenerate 4 1-dim
II P (0,4) Non-degenerate 7 3-dim
P (0,2) Degenerate 6 2-dim
P (0,1) Degenerate 5 1-dim
P (0,0) Degenerate 4 1-dim
III P (1,4) Non-degenerate 6 2-dim
P (1,1) Degenerate 5 1-dim
P (1,0) Degenerate 4 0-dim non-simple
IV P (2,4) Non-degenerate 5 1-dim
P (2,0) Degenerate 4 0-dim non-simple
V P (3,4) Non-degenerate 4 0-dim simple
Theorem 3.2. First note that the following equalities hold, and in Table 1 we only write the left hand side term:
P (0,4) = P (0,3),
P (1,4) = P (1,3) = P (1,2),
P (2,4) = P (2,3) = P (2,2) = P (2,1),
P (3,4) = P (3,3) = P (3,2) = P (3,1) = P (3,0).
The top terms of each type (I–V) admit non-degenerate invariant bilinear forms. And hence these Lie 3-algebras become metric Lie
3-algebras. On the other hand, Lie 3-algebras P (−1, s),1  s  3, P (0, s),0  s  2, P (1, s),0  s  1 and P (2,0) do not admit
non-degenerate invariant bilinear forms.
Remark 3.1. Let g =Ru ⊕Rv ⊕ W be a Lie 3-algebra obtained by a double extension of a compact simple Lie algebra W . If
W ∼= so(3), then g is isomorphic to P (2,4). On the other hand, if dim W  4, then g cannot be a linear Nambu algebra of
order 3.
Next we consider Nambu algebras of Type B. Let V be an m-dimensional Nambu algebra of Type B. Then its Nambu
tensor η is written as follows:
η = ∂1 ∧ ∂2 ∧
(
m∑
i, j=3
aijxi∂ j
)
.
Then the corresponding Lie 3-bracket is given by
[x1, x2, x j] =
m∑
i=3
aijxi .
If V admits an invariant inner product h = (hij), (i, j = 1,2, . . . ,m), we show that h must be degenerate. Keeping in mind
that non-trivial 3-brackets are only the following:
[x1, x2, xl] =
m∑
k=3
aklxk, l = 3, . . . ,m,
and using invariant metric equations〈[xp, xq, xr], xs〉+ 〈[xp, xq, xs], xr 〉= 0,
we have
m∑
k=3
aklhk = 0, l = 3, . . . ,m,
where
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⎛
⎜⎜⎜⎝
hik
h2k
· · ·
hmk
⎞
⎟⎟⎟⎠ .
Put A = (aij), k, l = 3,4, . . . ,m. If rank A  1, then m − 2 vectors s h3, . . . , hm are linearly dependent. Hence a symmetric
matrix h = (hij), (i, j = 1,2, . . . ,m) is degenerate.
Thus we obtained the following theorem.
Theorem 3.3. If rank A  1, every linear Nambu algebra of order 3 of Type B is not a metric Lie 3-algebra.
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